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The potential of directive satellite antennas has been investigated 
as part of Rand's studies of advanced communication satellite technology 
for the National Aeronautics and Space Administration. 
facet of these studies is the assessment of earth coverage attainable 
with a given satellite, antenna characteristics, and pointing direction. 
The coverage of geographic and political areas is often displayed and 
examined by superposing contours of marginal radiation intensity upon 
maps. 
treated by constructing qverlays conforming to existing Mercator or 
cylindrically projected maps. 
quired for almost all antenna pointing directions. 
An important 
The display of coverage patterns is a recurring problem generally 
On these maps, a unique overlay is re- 
An alternative to the construction of a large number of overlays 
is to construct a map projection (polar perspective) upon which a single 
overlay (representing a beam of given angular cross section) is valid 
over the entire map. 
as seen from the satellite, and each contemplated satellite position 
requires the preparation of a corresponding map. A number of such maps 
were constructed and proved to be highly useful in preparing the illus- 
trative example of a worldwide television system which was used in R-524- 
NASA, Teleuhion  From Sate ZZites: Ne@ Possibilities For WorZdwide Use. 
The projection is virtually a picture of the earth 
Given an adequate data bank, it is obviously possible to construct 
many kinds of maps, and indeed other maps have been generated to supply 
the background upon which intersectional contours have been plotted. The 
use of a computer in generating special-purpose maps or in providing 
background upon which to display geometrically definable contours seems 
extremely attractive. With illustrative examples, this report 
describes some of the more common map types generated from a data tape 
of 10,000 points. 
The report should be of interest to those dealing with study and 
display of geometric problems related to geography. 
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STJMMARY 
The problem of d isp lay ing  geometr ica l ly  de f inab le  contours  upon 
geographic maps arises i n  many contexts ,  If  t h e  parameters de f in ing  
the  contours  are t o  b e  va r i ed  t o  achieve some des i r ed  r e l a t i o n  between 
the  contours  and t h e  geography, and i f  lack of symmetry precludes t h e  
use  of general-purpose over lays ,  then  computer graphics  become very  
a t t r a c t i v e .  
cons t ruc t  over lays  f o r  u se  w i t h  e x i s t i n g  maps, o r  i f  provided wi th  
map d a t a ,  can draw contours  upon a map. I n  t h e  second case, t h e  choice 
of scale and map p ro jec t ion  i s  a t  the  u s e r ' s  d i s c r e t i o n .  
i s  p o s s i b l e  t o  cons t ruc t  a s p e c i a l  map p r o j e c t i o n  possessing t h e  fea- 
t u r e s  e s s e n t i a l  t o  t h e  use  of general-purpose over lays .  
The contours  t o  be mapped are u s u a l l y  de f inab le  as t h e  in t e r sec -  
The computer wi th  graphic  output  c a p a b i l i t y  can b e  used t o  
Sometimes i t  
t i o n  of some geometric s u r f a c e  wi th  t h e  e a r t h ' s  sur face .  
he re  t h a t  t h e  computation provides  t h e  coord ina tes  of i n t e r s e c t i o n a l  
p o i n t s  t o  b e  mapped and t h e  process  of mapping t h e s e  po in t s  is i d e n t i c a l  
t o  t h a t  of mapping e a r t h  geographic po in t s .  Thus, i n  t h e  p repa ra t ion  
of over lays ,  t he  mapping t ransformat ion  must be t h e  same as t h a t  used i n  
prepar ing  t h e  map upon which t h e  over lay  i s  t o  be  used. 
It is  assumed 
Overlays are u s e f u l  when t h e  problem can be t r e a t e d  wi th  a s m a l l  
number of over lays ;  f o r  some problems i t  msy be  economical t o  exe rc i se  
t h e  requi red  care i n  handl ing t h e  s c a l i n g  and r e g i s t r a t i o n  problems and 
t o  accept  t h e  r e s t r i c t i o n s  imposed by e x i s t i n g  map scales and pro- 
j e c t i o n s .  Such cases  are probably not  numerous, and the  a l t e r n a t i v e  
of genera t ing  the  map by computer graphics  w i l l  gene ra l ly  be favored. 
Although the  focus of t h i s  r e p o r t  is  upon t h e  genera t ion  of maps from 
a d a t a  bank of p o i n t s ,  t h e  s e c t i o n  dea l ing  wi th  map t ransformations 
may be  u s e f u l  t o  those  concerned wi th  over lay  cons t ruc t ion .  
A computer-generated map i s  produced by connecting sequences of 
p o i n t s  wi th  l i n e  segments. 
l ake ,  p o l i t i c a l  boundary, o r  a p o r t i o n  of c o n t i n e n t a l  c o a s t l i n e .  A 
p a r t i c u l a r  mapping o r  map p r o j e c t i o n  i s  crea ted  by ind iv idua l ly  t rans-  
forming t h e  coord ina tes  of t h e  s to red  p o i n t s  t o  a Car tes ian  coord ina te  
equiva len t  t o  t h e  des i r ed  mapping and connecting t h e  po in t s  s equen t i a l ly  
A s t r i n g  of p o i n t s  may r ep resen t  a n  i s l a n d ,  
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with s t r a i g h t  l i n e  segments. 
map genera t ion  are t h e  number of p o i n t s  requi red  and t h e  form i n  which 
coord ina tes  are s to red .  
The p r i n c i p a l  ques t ions  which arise i n  
A s to red  map of about 10,000 p o i n t s  appears  t o  be  adequate  t o  pro- 
duce maps of scale 1:40,000,000. 
t i l i n e a r  g r i d s  is about 40 i n .  wide. 
r i c  s u b s t r u c t u r e  of  s t r a i g h t  l i n e  segments becomes evident  b u t  may no t  
preclude t h e  use  of such maps f o r  some problems. A t  scales smaller 
than  1:80,000,000, some p o i n t s  tend t o  coa lesce  and g ive  a darkening 
e f f e c t  de t r imen ta l  t o  t h e  appearance of the map. The e f f e c t  is espec ia l ly  
pronounced on those  reg ions  of some maps where the scale becomes very  
s m a l l .  
prove t h e  appearance of s m a l l  scale maps o r  map regions.  
A t  t h i s  scale, a world map wi th  rec- 
A t  g r e a t e r  enlargement t h e  geomet- 
Rejec t ion  of some c l o s e l y  spaced p o i n t s  can be  employed t o  im-  
A b r i e f  d i scuss ion  of geographic and geocen t r i c  coord ina tes  i s  
presented t o  in t roduce  t h e  sub jec t  of coord ina te  forms (angular  versus  
u n i t  v e c t o r  r ep resen ta t ion )  and t o  i n d i c a t e  some l i m i t s  i n  t h e  v a l i d i t y  
of t h e  s p h e r i c a l  e a r t h  approximation wi th  r e spec t  t o  mapping. 
Several map types are i l l u s t r a t e d :  r e c t i l i n e a r ,  azimuthal  equi- 
d i s t a n t ,  and po la r  perspec t ive .  The corresponding coord ina te  t r ans fo r -  
mations are descr ibed .  
form of t h e  s t o r e d  coord ina tes ;  w i th  r e c t i l i n e a r  maps t h e  most e f f i c i -  
e n t  coord ina te  form is angular  ( l a t i t u d e  and long i tude ) ,  whereas u n i t  
vec to r s  ( d i r e c t i o n  cos ines)  are favored f o r  azimuthal type maps. 
The t ransformat ion  equat ions depend upon t h e  
The e f f i c i e n c y  of coord ina tes  is p a r t i a l l y  i n  s impl i fy ing  and 
speeding t h e  mapping t ransformat ions  bu t  is  more c l e a r l y  ev ident  when 
mapping l imi t ed  reg ions .  With l i m i t e d  reg ions ,  e f f i c i e n c y  impl ies  
rap id  i d e n t i f i c a t i o n  of t hose  p o i n t s  which f a l l  w i t h i n  t h e  domain of 
i n t e r e s t  o r  r ap id  e l imina t ion  of p o i n t s  e x t e r i o r  t o  t h e  domain of 
i n t e r e s t .  With r e c t i l i n e a r  maps, t h e  domain of i n t e r e s t  is  def ined  
by l a t i t u d e  and long i tude  extremes and po in t  coord ina tes  def ined by 
l a t i t u d e  and longi tude  can be  r a p i d l y  so r t ed  upon t h e  bounding extremes, 
With azimuthal  maps, t h e  domain of i n t e r e s t  is  def ined  by t h e  cos ine  
of a p o l a r  angle ,  For each po in t ,  t h e  cos ine  of t h e  po la r  ang le  
( r e l a t i v e  t o  a n  a r b i t r a r y  o r i g i n )  can be r a p i d l y  ca l cu la t ed  as t h e  
scalar product  of t h e  u n i t  vec to r  t o  t h e  o r i g i n  and t h e  u n i t  vec to r  
-v i i -  
t o  t h e  po in t .  
t h e  po in t  can be  r a p i d l y  accepted o r  r e j e c t e d .  
By comparing t h a t  cos ine  wi th  t h e  l i m i t i n g  cos ine ,  
The e f f i c i e n c y  of s o r t i n g  p o i n t s  can be  improved by l i m i t i n g  t h e  
i n t e r v a l  ( l a t i t ude - long i tude  o r  po lar  angle)  spanned by a d a t a  s t r i n g .  
I f  t h e  maximum i n t e r v a l  spanned by a s t r i n g  i s  R, then only those  s t r i n g s  
with t h e  f i r s t  po in t  l y i n g  w i t h i n  ?rQ of a boundary r e q u i r e  point-by- 
po in t  t e s t i n g ;  o t h e r  s t r i n g s  are e i t h e r  t o t a l l y  w i t h i n  t h e  boundaries o r  
t o t a l l y  e x t e r i o r  t o  t h e  boundaries. 
I n t e r s e c t i o n a l  contours  can o f t e n  be c a l c u l a t e d  apmoximately 
by using a s p h e r i c a l  model of t h e  e a r t h ' s  su r f ace .  However, i f  r a y  
d i r e c t i o n s  are s p e c i f i e d  a t  a po in t  i n  space, t h e  precise va lues  of 
i n t e r s e c t i o n a l  coord ina te s  w i l l  be  s e n s i t i v e  t o  t h e  assumed shape of 
t h e  e a r t h .  
r a d i i  from t h e  cen te r  of t h e  e a r t h ,  coord ina te  e r r o r s  of hundreds 
For r ays  o r i g i n a t i n g  a t  a space  po in t  s e v e r a l  e a r t h  
of m i l e s  arise i n  s u b s t i t u t i n g  a sperical  e a r t h  model f o r  an o b l a t e  
e a r t h  model. The l a r g e  e r r o r s  occur wi th  r a y s  which a r e  nea r ly  tan- 
gent  t o  t h e  e a r t h .  When r ays  pass over t h e  hor izon ,  t h e  i n t e r s e c -  
t i o n a l  contour def ined  by i n t e r s e c t i o n a l  p o i n t s  ceases  t o  e x i s t ,  but 
a second contour is introduced which d e f i n e s  t h e  e a r t h  po in t  l o c a t i o n s  
a t  which t h e  space po in t  i s  j u s t  on t h e  horizon. 
and t h e  l o c a l  v e r t i c a l  are fundamental t o  t h e  geographic coord ina te  
system and f o r  a space po in t  a t  synchronous d i s t a n c e ,  an  assumed 
i d e n t i t y  of geocen t r i c  coord ina tes  on a sphere and geographic coor- 
d i n a t e s  upon t h e  o b l a t e  e a r t h  in t roduces  e r r o r  of no more than 8 n m i .  
This  horizon p lane  
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I e INTRODUCTION 
Those f e a t u r e s  of t h e  e a r t h ' s  s u r f a c e  which can be represented by 
contours  (e.g. c o a s t l i n e s ,  p o l i t i c a l  boundaries ,  and l i n e s  of cons tan t  
e l eva t ion )  can b e  represented  approximately by p o i n t s  connected by 
l i n e  segments. By s t o r i n g  sequences of p o i n t s  (say l a t i t u d e  and lon- 
g i t u d e  coord ina tes )  upon t ape  o r  d i s k ,  a g r e a t  v a r i e t y  of mappings o r  
p r o j e c t i o n s  can b e  computer-generated t o  provide work a i d s  o r  i l l u s -  
t r a t i o n s  f o r  p a r t i c u l a r  geographic problems. 
bank which provides  geographic coord ina tes  of e a r t h  su r face  poin ts .  
Th i s  r e p o r t  i l l u s t r a t e s  t h e  use  of a s m a l l  d a t a  bank (10,500 poin ts )  
s to red  on magnetic t ape  f o r  cons t ruc t ing  several kinds of maps. 
The s to red  map i s  a d a t a  
Computer-generated maps can be  u s e f u l  i n  providing a background 
upon which va r ious  curves are p l o t t e d .  The curves might d e f i n e  sa te l l i t e  
o r  m i s s i l e  ground t r a c k s ,  t h e  reg ion  w i t h i n  which a geos ta t ionary  
satel l i te  is a t  least n degrees  about t h e  horizon,  o r  t h e  swath of 
e a r t h  v i s i b l e  t o  a high-flying a i r c r a f t .  
I f  t h e  parameters descr ib ing  t h e  curve are f i x e d  and known i n  ad- 
vance, then  d i r e c t  p l o t t i n g  of t h e  curve upon e x i s t i n g  maps i s  l i k e l y  
t o  be more e f f i c i e n t  than  us ing  a computer-generated map. However, 
i f  t h e  parameters descr ib ing  t h e  curve are t o  be  s tudied  i n  o r d e r  t o  
achieve some des i r ed  r e l a t i o n  between t h e  curves and t h e  e x i s t i n g  geog- 
raphy, t hen  t r ia l -and-er ror  p l o t t i n g  might be  abandoned i n  f avor  of 
superposing movable over lays  on t h e  map. 
problems, bu t  f a i l  i f  t h e r e  i s  i n s u f f i c i e n t  i nhe ren t  symmetry t o  permit 
t h e  cons t ruc t ion  of general-purpose (movable) overlays.  I f  general-  
purpose over lays  cannot be  cons t ruc ted ,  t he  computer-generated maps become 
very  a t t ract ive . 
Overlays are u s e f u l  i n  many 
There are several ways of ilsing a computer t o  treat mapping prob- 
l e m s .  I n  a d i r e c t  and obvious way, t h e  computer genera tes  over lays  
conforming t o  e x i s t i n g  map scales and need not  n e c e s s a r i l y  genera te  t h e  
geographic background data .  
r e g i s t r a t i o n  are t r e a t e d  c a r e f u l l y  ( i e e a ,  i f  t h e  computed over lays  
are d i s t o r t i o n - f r e e  relative t o  t h e  map on which they  are used) ,  
Severa l  advantages appear i f  t h e  background geography i s  computer- 
This  scheme can b e  u s e f u l  i f  s c a l i n g  and 
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generated;  t h e  s c a l i n g ,  r e g i s t r a t i o n ,  and relative d i s t o r t i o n  problems 
vanish,  and t h e  computer-generated p i c t u r e  i s  n o t  l imi t ed  t o  t h e  
scale choices  o r  p ro jec t ions  d i c t a t e d  by available maps. 
For some problems, special-purpose maps may present  t h e  des i r ed  
information i n  d i r e c t l y  s c a l a b l e  form. 
g r e a t  circle r o u t e s  from some po in t  of o r i g i n .  I f ,  f o r  i n s t ance ,  i t  i s  
des i r ed  t o  p l o t  g r e a t  c i rc le  r o u t e s  from S e a t t l e ,  Washington, t o  a number 
of earth p o i n t s ,  t h e n ) t h e s e  r o u t e s  can obviously be reduced t o  sequences 
of p o i n t s  and p l o t t e d  on any map of t h e  world. A l t e rna t ive ly ,  a n  azimuthal 
p r o j e c t i o n  of the world wi th  Seatt le a t  t h e  po le  d i r e c t l y  d i s p l a y s  
g r e a t  c i rc le  r o u t e s  t o  every o t h e r  e a r t h  poin t .  
An example arises i n  p l o t t i n g  
A less obvious example of t h e  use  of special-purpose maps occurs  
i n  s t u d i e s  of the area covered by narrow antenna beams d i r e c t e d  from 
satel l i tes  toward s p e c i f i c  e a r t h  po in t s .  The antenna beams are idea l i zed  
t o  cones of c i r c u l a r  o r  e l l i p t i c a l  c ros s  s e c t i o n ,  wi th  t h e  cone dimen- 
s ions  r e f l e c t i n g  some c r i t i c a l  o r  marginal  i n t e n s i t y  of r a d i a t i o n .  
i n t e r s e c t i o n  of t h e s e  cones w i t h  the su r face  of the e a r t h  i s  a space 
curve which can b e  p l o t t e d  on a v a r i e t y  of maps; however, most such 
maps in t roduce  d i s t o r t i o n s  p e c u l i a r  t o  the map i t s e l f .  However, 
by c r e a t i n g  a map o r  p i c t u r e  of t h e  e a r t h  as seen  from t h e  sa te l l i t e ,  
t h e  i n t e r s e c t i o n s  r e t a i n  t h e i r  geometric s i m p l i c i t y  ( c i r c l e s  o r  e l l i p s e s )  
and t h e  characterist ic dimensions are approximately v a l i d  f o r  a l l  
poin t ing  d i r e c t i o n s .  Maps o r  p i c t u r e s  of t h i s  kind are termed p o l a r  
pe r spec t ive  p ro jec t ions .  
The 
I n  t h e  previous example and i n  many o t h e r s ,  geometric contours  
on t h e  e a r t h ' s  s u r f a c e  r e s u l t  from d e l i n e a t i n g  those  e a r t h  p o i n t s  l y ing  
wi th in  some s o l i d  ang le  def ined a t  a po in t  i n  space. 
somewhat d i f f e r e n t ,  
from which a space po in t  can be  viewed under some l i m i t a t i o n s  of eleva- 
t i o n  and poss ib ly  azimuth. I n  e i t h e r  case, t h e  problem i s  r educ ib le  
t o  t h e  c a l c u l a t i o n  of i n t e r s e c t i n g  r a y s  wi th  t h e  su r face  of t h e  ea r th .  
The r ays  r ep resen t  l i n e s  of s i g h t ,  and success ive  i n t e r s e c t i o n a l  
p o i n t s  may be connected t o  cons t ruc t  t h e  des i r ed  contour.  
A r e l a t e d ,  bu t  
problem d e l i n e a t e s  t h e  region of t h e  e a r t h ' s  s u r f a c e  
For r ays  def ined by a s o l i d  angle  a t  a space po in t ,  i n t e r s e c t i o n s  
wi th  t h e  e a r t h ' s  s u r f a c e  do not  n e c e s s a r i l y  e x i s t  f o r  a l l  r a y s  w i t h i n  
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t h e  s o l i d  angle. 
assumed shape of the e a r t h ,  and l a r g e  e r r o r s  can arise in  s u b s t i t u t i n g  
a s p h e r i c a l  model f o r  an  o b l a t e  e a r t h  model. For r ays  which o r i g f n a t e  
a t  t h e  e a r t h ' s  su r f ace  wi th  d i r e c t i o n s  s p e c i f i e d  i n  a frame def ined  
by t h e  l o c a l  ver t ical ,  t h e  e r r o r  introduced by choosing a s p h e r i c a l  
e a r t h  model is  s m a l l ,  approaching zero  as the d i s t a n c e  t o  the space  
po in t  becomes l a rge .  
The i n t e r s e c t i o n a l  coord ina tes  are s e n s i t i v e  t o  t h e  
The i l l u s t r a t i v e  map-pictures that appear i n  t h e  t e x t  w e r e  produced 
wi th  a n  IBM-360/65 computer coupled t o  a Stromberg Datagraphix,  Inc . ,  
S-C 4060 g raph ic  output  device.  
w a s  suppl ied  through t h e  cour tesy  of t h e  UAIDE l i b r a r y  operated by 
Stromberg Datagraphix,  Inc.  These d a t a  were supplemented wi th  2200 
p o l i t i c a l  boundary p o i n t s  read from maps (AMs s t o c k  numbers 1125x1, 
1125x2, and 1125x3). 
A d a t a  t ape  of 8300 geographic p o i n t s  
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11, POINT DENSITY AND NUMBER OF POINTS 
The map i l l u s t r a t i o n s  shown i n  t h i s  r e p o r t  are based upon a 
da ta  bank of about 10,500 p o i n t s  def ined by geographic coordinates .  
Po in t  coord ina tes  are s to red  i n  a s t r i n g  of a l t e r n a t e  l a t i t u d e  and lon- 
g i t u d e  va lues .  
t h e  computer t h a t  a contour ( i s l a n d ,  l ake ,  p o l i t i c a l  boundary, e t c . )  i s  
completed. 
a s t r i n g  have nearest-neighbor spacings no t  less than  5 n m i ,  
spacings of 150 n m i  occur in f r equen t ly  and only along geometr ica l ly  
def ined  p o l i t i c a l  boundaries.  
The end of a s t r i n g  is  ind ica t ed  by (O,O), which s i g n a l s  
The d a t a  set con ta ins  374 such s t r i n g s .  The p o i n t s  w i t h i n  
Maximum 
Figure  1 shows a map based upon t h e  9475 p o i n t s  (exc lus ive  of zero 
The l i n e  width s i g n a l s )  which l i e  between -75' and +75O l a t i t u d e .  
(0.0065 i n . )  de f ines  a r e s o l u t i o n  u n i t ;  two p o i n t s  spaced c l o s e r  than  a 
r e s o l u t i o n  u n i t  are no t  d i s t i n g u i s h a b l e  from each o ther .  
eye a t  normal viewing d i s t ances  i s  capable  of reso lv ing  small p o i n t s  a t  
somewhat smaller spacing (0.004 i n . ) ,  t h e  r e s o l u t i o n  u n i t  def ined  by l i n e  
width i s  more appropr i a t e  t o  t h e  present  d i scuss ion .  The scale of Fig.  1 
i s  approximately 1:124,000,000 along t h e  equator  and a t  t h i s  scale t h e  
r e s o l u t i o n  u n i t  of 0.0065 i n .  t ransforms t o  approximately 11 n m i .  
Evident ly  t h e  minimum po in t  spacing of 5 n m i  i s  no t  r e so lvab le  a t  t h i s  
s c a l e  a 
Although t h e  
Figure 2 shows t h e  same map cons t ruc ted  by r e j e c t i n g  p o i n t s  which 
l i e  w i t h i n  s i x  r e s o l u t i o n  u n i t s  (0.039 in . )  of both nea res t  neighbors.  
The r e j e c t i o n  r u l e  reduced t h e  number of p o i n t s  used from 9475 t o  4372. 
Small i s l a n d s  are r e t a i n e d  by ove r r id ing  the  r e j e c t i o n  r u l e  f o r  t h e  
f i r s t  t h r e e  po in t s  of a s t r i n g .  Comparison of F igs .  1 and 2 i n d i c a t e s  
t h a t  t h e r e  is  some l o s s  of d e t a i l  -- t h e  a v a i l a b l e  po in t  d e n s i t y  i s  
perhaps a f a c t o r  of two g r e a t e r  than  necessary t o  draw maps a t  t h i s  
scale. 
P o i n t s  are t r e a t e d  s e q u e n t i a l l y  along a s t r i n g  and r e j e c t i o n  r u l e s  
can be  cons t ruc ted  based upon n e a r e s t  neighbors ,  next  n e a r e s t  neighbors ,  
and so f o r t h .  However, ad jacent  s t r i n g s  and "goosenecks" w i t h i n  s t r i n g s  
can create s m a l l  spac ings  of a nonsequent ia l  na ture .  
aggravated i n  some pe r spec t ive  mappings which view regions  a t  low 
This  problem i s  
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inc idence  angles  and consequently decrease  t h e  apparent  d i s t a n c e s  betwaen 
po in t s .  
i n  connect ion wi th  t h e  po la r  pe r spec t ive  p ro jec t ion .  
An example of t h i s  phenomenon i s  shown i n  t h e  fol lowing s e c t i o n  
The foregoing concerns problems a r i s i n g  from a n  over-density of 
po in t s .  A t  the o t h e r  end of t h e  po in t  dens i ty  spectrum is t h e  ques t ion  
of t h e  minimum u s e f u l  number of po in ts .  Figures  3 and 4 r ep resen t  suc- 
cessive enlargements of an area centered  on 15 E and 45'N. 
t h e  scale is approximately 1:40,000,000 (at 45' l a t i t u d e )  and t h e  reso- 
l u t i o n  element def ined by a l i n e  width is  about 4 m i .  
is ev iden t ly  s u f f i c i e n t  t o  draw a good map at t h i s  scale. In  Fig.  4 
( s c a l e  1:20,000,000) t h e  r e s o l u t i o n  element is  decreased t o  2 m i  and 
some geographic f e a t u r e s  appear schematized. A t  t h i s  scale a h igher  
poin t  d e n s i t y  could provide a b e t t e r  appearance bu t  t h e  genera l  area 
0 In  Fig.  3 
The poin t  dens i ty  
is recognizable  and t h e  map d e t a i l  may be  adequate f o r  some purposes. 
The examples and d i scuss ion  above i n d i c a t e  t h a t  maps of good ap- 
pearance r e q u i r e  poin t  spacing which sometimes approaches the  resolu-  
t i o n  l i m i t s  of t h e  p l o t t i n g  equipment and t h e  human eye. 
by a f a c t o r  of two are probably acceptab le .  
f a l l s  t o  one-third of t h e  r e s o l u t i o n  element,  then  r e j e c t i o n  of c l o s e l y  
spaced p o i n t s  can improve map appearance. Loss of d e t a i l  i s  apparent 
where numerous po in t  spacings exceed about two r e s o l u t i o n  elements,  bu t  
u s e f u l  maps of somewhat schematic appearance may be  produced. 
Over-densit ies 
I f  t h e  minimum spacing 
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111. COORDINATES AND TRANSFORMATIONS 
GEOGRAPHIC AND GEOCENTRIC COORDINATES 
An observer  a t  e a r t h  po in t  P can determine h i s  l a t i t u d e  by measur- 
i ng  t h e  e l eva t ions  of stars relative t o  h i s  l o c a l  horizon plane.  
p l o t t i n g  h i s  p o s i t i o n  on a map cons t ruc ted  wi th  g r i d  l i n e s  of geographic 
l a t i t u d e ,  he  i d e n t i f i e s  h i s  p o s i t i o n  re la t ive t o  o t h e r  po in t s  s i m i l a r l y  
def ined by observat ion.  
i s  d i s t i n c t  from geocent r ic  l a t i t u d e  4' except on t h e  equator  and a t  
t h e  poles  (see Fig. 5).  The d i r e c t  connection between observa t ion  and 
geographic l a t i t u d e  is u s e f u l  t o  nav iga to r s  and surveyors  and geographic 
coord ina tes  are used on a l l  common maps. The geographic coord ina tes  are 
sometimes i m p l i c i t  as, f o r  example, i n  a computer-stored map providing 
the  d i r e c t i o n  cos ines  of t h e  u n i t  vec to r  normal t o  t h e  r e fe rence  e l l i p -  
so id  (n of Fig. 5). 
By 
The geographic l a t i t u d e  4 defined i n  t h i s  way 
3 
In  t h e  cons t ruc t ion  of maps, t h e  d i s t i n c t i o n  between geocent r ic  
and geographic coord ina tes  can o f t e n  be  ignored. I n  p a r t i c u l a r ,  an as- 
sumed i d e n t i t y  of geocent r ic  and geographic l a t i t u d e  y i e l d s  maximum er- 
r o r  d i s t ances  of about 11.6 n m i  (at 45" l a t i t u d e ) ,  an e r r o r  t h a t  is 
only marginal ly  d i s c e r n i b l e  when t h e  map scale is  smaller than about 
1 : 1 2  0 3 000 9 000 * 
For a l l  problems i n  which mapping t ransformat ions  are appl ied  t o  
both t h e  po in t s  and t h e  g r i d s ,  t h e  r e s u l t a n t  map w i l l  show po in t s  cor- 
r e c t l y  spaced re la t ive t o  t h e  g r ids .  Thus i f  a mapping t ransformat ion  
is der ived by p r o j e c t i v e  geometry us ing  a s p h e r i c a l  e a r t h  model, t h e  
t ransformat ion  may be  reduced t o  an a l g e b r a i c  equat ion and app l i ed  t o  
geographic coord ina tes  which had no meaning i n  t h e  de r iva t ion  of t h e  
t ransformat ion ,  
transformed coord ina te  l i n e s ,  and t h e  geographic l a t i t u d e  of po in t s  can 
b e  accu ra t e ly  loca t ed  wi th  r e spec t  t o  t h e  transformed l a t i t u d e  scale. 
Earth obla teness  and the  r e l a t e d  d i s t i n c t i o n  between geocent r ic  
and geographic coord ina tes  is p r imar i ly  s i g n i f i c a n t  when c a l c u l a t i n g  
contours  o r  po in t s  def ined  geometr ical ly  by the  i n t e r s e c t i o n  of sur-  
faces  o r  r ays  wi th  t h e  e a r t h ' s  sur face .  
s e c t i o n a l  contours  is d iscussed  i n  Sect ion I V .  The assumed shape of 
The po in t s  are s t i l l  c o r r e c t l y  placed re la t ive t o  t h e  
The genera t ion  of such i n t e r -  
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North 
Fig. 5-Geographic latitude 4 and geocentric latitude 4' 
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the  e a r t h  ( sphe r i ca l  o r  ob la t e )  can be  a s i g n i f i c a n t  f a c t o r  i n  de f in ing  
t h e  i n t e r s e c t i o n a l  coordinates .  The purpose of t h e  present  d i scuss ion  
is t o  po in t  out  t h a t  geographic coord ina tes  are t h e  n a t u r a l  coord ina tes  
of maps and t h a t  i n t e r s e c t i o n a l  contours  should be  s i m i l a r l y  def ined  t o  
be compatible wi th  convent ional  mappings. 
COORDINATE FORMS 
The p r e c i s e  form of a mapping t ransformat ion  is determined par- 
The two most important t i a l l y  by t h e  form of t h e  inpu t  coordinates .  
genera l  forms of input  coord ina tes  are (1) angular  coordinates  ( la t i -  
tude  and longi tude)  and (2) u n i t  vec to r s  ( t h e  three-d i rec t ion  cos ines  
of t h e  po in t  t o  b e  mapped). In  descr ib ing  mapping t ransformat ions  it 
is  convenient t o  assume t h e  most n a t u r a l  form of input  coord ina tes  f o r  
t h e  des i r ed  mapping. 
cos ines  are r e l a t e d  t o  longi tude  X and l a t i t u d e  $ by: 
In  t h e  n o t a t i o n  t o  be used he re ,  t h e  d i r e c t i o n  
u = cos $ cos x 
X 
u = cos 4 s i n  X 
Y 
u = s i n  9 z 
The inve r se  r e l a t i o n s  are: 
-1 3 X = t a n  
U x 
U -1 z 
Q, = t a n  I 
2 q1- u z 
These s u b s t i t u t i o n s  can be  made i n  a l l  of t h e  following mapping t rans-  
formations t o  desc r ibe  t h e  t ransformat ion  i n  terms of t h e  a l t e r n a t i v e  
input  coord ina tes .  It w i l l  u sua l ly  be  found, however, t h a t  t h e  n a t u r a l  
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choices  provide s impler  and more r ap id  computation, and i t  may b e  eco- 
nomical t o  provide d a t a  banks of both types.  
For some app l i ca t ions  it may be d e s i r a b l e  t o  s t o r e  s p e c i a l i z e d  co- 
o rd ina te s .  I f ,  f o r  example, i t  is des i r ed  t o  produce a l a r g e  number 
of maps a l l  having t h e  same genera l  t ransformat ion  l a w  but  d i f f e r i n g  
i n  scale and domain of i n t e r e s t ,  then i t  may be  poss ib l e  t o  in t roduce  
coord ina tes  p ropor t iona l  t o  tpe map d i s t ances  and avoid t h e  r e p e t i t i o u s  
computation of t h e  e n t i r e  mapping t ransformation.  The poss ib l e  economy 
of t h e  precomputation of l i n e a r l y  s c a l a b l e  coord ina tes  is se l f -ev ident  
bu t  dependent upon expected output volume. The fol lowing d e s c r i p t i o n  
is l i m i t e d  t o  genera l  s i t u a t i o n s  which can b e  spec ia l i zed  a t  t h e  dis-  
c r e t i o n  of t h e  user .  
M A P S  WITH RECTILINEAR GRIDS 
Maps with  r e c t i l i n e a r  coord ina tes  can be  generated by d i r e c t  p lo t -  
t i n g  of  l a t i t u d e  versus  longi tude ,  by conformal Mercator mapping, by 
c y l i n d r i c a l  p r o j e c t i o n ,  and by somewhat a r b i t r a r y  r u l e s  of ver t ica l  
scale non l inea r i ty .  The d i r e c t  p l o t t i n g  of l a t i t u d e  versus  longi tude  
is convenient f o r  i n t e r p o l a t i o n  but  is  less commonly used than maps in- 
tended t o  preserve  (not necessa r i ly  achieving)  l o c a l  sca l ing .  The con- 
formal Mercator map does preserve  l o c a l  scale and d i r e c t i o n  by expand- 
ing  t h e  l a t i t u d e  i n t e r v a l  t o  compensate f o r  t h e  p a r a l l e l  p re sen ta t ion  
of meridians.  
n a t e  y from longi tude  A and l a t i t u d e  4 is  
The Mercator t ransformat ion  y i e l d i n g  a b c i s s a  x and ordi-  
Mercator map 
K 1 + s i n  4 
1 - s i n  4 y = y R n  
wi th  4 small, y -f K$, and i t  is  convenient t o  regard K as a f a c t o r  con- 
v e r t i n g  r ad ians  t o  map d i s t ances  (inches o r  cent imeters ) .  
Mercator maps and maps der ived by c y l i n d r i c a l  p ro j ec t ions  are very 
common and present  t h e  land masses i n  a f a m i l i a r  bu t  d i s t o r t e d  appearance. 
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Unless t h e  conformal property of t h e  Mercator map i s  s p e c i f i c a l l y  re- 
qui red ,  t h e  c y l i n d r i c a l  p ro j ec t ion  can provide a f a m i l i a r  appearance 
and avoid t h e  awkwardness of t h e  Mercator mapping a t  extreme l a t i t u d e s .  
A class of c y l i n d r i c a l  p ro j ec t ions  can b e  cons t ruc ted  by p r o j e c t i n g  
po in t s  upon a tangent  cy l inde r  as ind ica t ed  i n  Fig., 6 .  The p r o j e c t i o n  
poin t  P l ies  i n  t h e  p lane  def ined by t h e  tangent  c i rc le  and a l s o  lies 
i n  t h e  meridian plane of t h e  poin t  being pro jec ted .  
is t h e  equator  i n  f a m i l i a r  maps, bu t  ob l ique  p ro jec t ions  could b e  used 
t o  po r t r ay ,  f o r  i n s t ance ,  t h e  swath of e a r t h  v i s i b l e  on a g rea t  c i rc le  
a i r l i n e  route .  For t h e  cy l inde r  tangent  a t  t h e  equator ,  t h e  mapping 
t ransformat ion  is  
The tangent  c i rc le  
Cy Zindrical Projection 
x=KA 
K ( l  + k) s i n  (P ’ =  k + c o s  4 
f o r  (P small, y -+ K$ a t  a l l  k. 
The p r o p e r t i e s  of t h e  c y l i n d r i c a l  p ro j ec t ion  map depend upon the  
va lue  of t h e  parameter k. I f  k + m, l a t i t u d e  l i n e s  are p a r a l l e l  pro- 
j e c t e d  onto the  cy l inde r  and t h e  map i s  c a l l e d  an equal-area p ro jec t ion .  
Areas are preserved but  a t  t h e  s a c r i f i c e  of l a r g e  d i s t o r t i o n s  i n  he igh t /  
width r a t i o s .  
e i t h e r  po le  than does the Mercator map and is a seldom-used p ro jec t ion .  
The choice k 0.8 gives  a map of good proport ions when mapping the  
world t o  l a t i t u d e s  approaching (o r  reaching)  t h e  poles ,  
The case k = 0 gives  more d i s t o r t i o n  upon approaching 
Maps of t h e  Army Map Serv ice ,  which are designated as Series 1107, 
are c y l i n d r i c a l  p ro j ec t ions  a v a i l a b l e  a t  several scales. These maps 
are u s e f u l  i n  conjunct ion wi th  overlays.  The axes of t h e  small scale 
shee t  are w e l l  descr ibed  by Eq. (4) w i t h  k = 0.77. The same map a t  a 
scale of 1:40,000,000 shows d iscrepancies  of one o r  two m i l l i m e t e r s  i n  
t h e  ver t ical  a x i s  and t h e  f i t  can be improved by us ing  
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Y 
(1 + k)  sin + 
= (k + cos +) 
-cos + - 
-Distance = 1- 
Fig. 6-Geometry of the cy1 indrical projection (spherical earth) 
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K ( l  + k ) ( l  - 2 f )  s i n  (P 
4)) + cos (P 2 Y "  k ( l  - f s i n  (5) 
The added refinement which arises because t h e  map i s  pro jec ted  wi th  an 
o b l a t e  r a t h e r  than  a s p h e r i c a l  model reduces t h e  scale e r r o r s  t o  a few 
t en ths  of a millimeter. A t  t h i s  e r r o r  level  some scale incons i s t enc ie s  
can be observed by comparing vertical  scales on t h e  l e f t  and r i g h t  s i d e s  
of t he  map o r  i n  t h e  pos i t ive-negat ive  l a t i t u d e  regions.  These discrep-  
anc ie s ,  poss ib ly  due t o  dimensional changes of t h e  papers  impose a l i m i t  
upon t h e  accuracy of overlays.  The problem is  aggravated by t h e  f a c t  
t h a t  over lays  are usua l ly  cons t ruc ted  on a backing d i f f e r e n t  from t h e  
map paper s tock  and long-term changes produce d i f f e r e n t i a l  e r r o r s  be- 
tween map and overlay.  
The problem of paper dimensional s t a b i l i t y  and p r e c i s e  representa-  
t i o n  of a somewhat a r b i t r a r y  p ro jec t ion  are unimportant i f  map po in t s ,  
g r i d s ,  and over lay  contours  are generated by t h e  same t ransformat ion  
r u l e  upon a computer. I f  maps wi th  r e c t i l i n e a r  g r i d s  are t o  be  used 
only f o r  background wi th  curves o r  contours  superposed according t o  t h e  
same l a t i t u d e  t ransformat ion  l a w ,  ease of computation and f a m i l i a r  ap- 
pearance may be t h e  dominant f a c t o r s  determining t h e  l a t i t u d e  t r ans fo r -  
mation. The q u a l i t a t i v e  c h a r a c t e r i s t i c  of f a m i l i a r  appearance can be  
achieved wi th  a s imple quadra t i c  r ep resen ta t ion  of t h e  ver t ical  scale 
expansion. 
Quudratic Scale Factor 
x = KX 
2 
y = K q ( 1  + a4 
I f  a is chosen as PCIO.15, t h e  l a t i t u d e  dimension of t h e  map over t h e  in- 
terval 75's t o  75'N w i l l  be  nea r ly  t h e  same as t h a t  of a c y l i n d r i c a l  
p ro j ec t ion  wi th  scale f a c t o r  K and parameter k = 0.8. 
i l l u s t r a t e  a side-by-side comparison of t h e  western hemisphere mapped 
according t o  the  c y l i n d r i c a l  p ro j ec t ion  (k = 0,8) and t h e  quadra t i c  
Figures  7 and 8 
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expansion (a = 0.15). 
of t h i s  r e p o r t  are based upon t h e  quadra t i c  expansion wi th  a = 0.15. 
A l l  of t h e  o t h e r  r e c t i l i n e a r  map i l l u s t r a t i o n s  
Azimuthal M ~ D S  
With azimuthal maps, a l l  g r e a t  circles through t h e  o r i g i n  are 
s t r a i g h t  ( r a d i a l )  l i n e s .  Di rec t ions  from t h e  poin t  of o r i g i n  are cor- 
r e c t l y  represented ,  bu t  d i s t ances  a long t h e  r a d i a l  g rea t  c i rc le  routes  
are not  uniformly sca l ed  i n  maps der ived  by geometric p ro jec t ion .  
azimuthal map wi th  uniform r a d i a l  scale can be  r e a d i l y  der ived ,  however, 
and t h e  example given h e r e  i s  based on t h i s  choice.  
An 
The g r e a t  c i rc le  arc d i s t a n c e  R from t h e  o r i g i n  ($ = l a t i t u d e ,  
0 
= longi tude)  t o  a po in t  9, X is a fundamental quan t i ty .  For t h e  xo 
equ id i s t an t  (o r  equal  i n t e r v a l )  map, t h e  arc R may be  uniformly sca l ed .  
The same arc could be  sca l ed  i n  o t h e r  ways, e.g. ,  by r u l e s  der ived  from 
p r o j e c t i v e  geometry, t o  present  o t h e r  r a d i a l  dependencies. 
For s t o r e d  po in t s  def ined  by d i r e c t i o n  cos ines ,  t h e  d i r e c t i o n  co- 
s i n e s  of t h e  poin t  of o r i g i n  are f i x e d  q u a n t i t i e s  given by: 
u = cos + o  cos x xo 0 
u = cos $ s i n  X 
YO 0 0 (7) 
u = s i n  c b 0  
20 
The arc R t o  a po in t  def ined by ux, u and uz is 
Y 9  
cos  R = u u ( 8 4  xo x + uyouy' uzouz 
The arc R must s a t i s f y  0 
ing  t h e  arc cos ine  of t h e  above expression.  
po in t  (UXO' UYOY u zo ) , (ux, uy 
Azimuth can be def ined  as t h e  i n c l i n a t i o n  of  t h i s  plane t o  t h e  meridian 
plane conta in ing  t h e  poin t  of o r i g i n ,  and t h e  i n c l i n a t i o n  is  ca l cu la t ed  
as t h e  ang le  between t h e  normals of t h e s e  planes,  
r s 71 and no s i g n  d i f f i c u l t i e s  arise i n  tak- 
The plane def ined  by t h e  
uz) , (0 0,  0) conta ins  t h e  arc R. 
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The normal t o  the  meridian p lane  has  d i r e c t i o n  cosines  propor- 
t i o n a l  to :  
u' = u yo xo 
No = $2 + u 2 
xo yo 
The normal t o  t h e  p lane  containing R has  d i r e c t i o n  cos ines  p ropor t iona l  
t o  : 
u ' = u  u - u  x yo z zouy 
u / = u  u - u  u y 2 0  x xo z 
u' = u - u  u 
2 xouy yo x 
The azimuth is  given by 
u' u' 4- u' u' 
xo x YO Y .  cos A = 
NON 
where s i n  A i s  p o s i t i v e  i f . 0  < X - X s IT, and otherwise is negat ive .  
0 
The Car tes ian  coord ina te  equiva len t  of t h e  azimuthal map is e a s i l y  
generated by 
x = KR s i n  A 
y = KR cos A 
where R is found by Eq. (8a) and K is a scale f a c t o r .  
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The computer opera t ions  ind ica t ed  by t h e  foregoing s t e p s  are q u i t e  
simple and f a s t  re la t ive t o  t h e  number of t r igonometr ic  func t ions  which 
would have t o  be computed wi th  l a t i t u d e  and longi tude  input  coord ina tes .  
Figure 9 i l l u s t r a t e s  an azimuthal,  e q u i d i s t a n t  map of t he  world wi th  
Seatt le,  Washington, a t  t h e  o r i g i n .  
Polar  Pe r spec t ive  Maps 
Po la r  pe r spec t ive  maps are s p e c i a l  azimuthal maps which po r t r ay  
the  e a r t h  as seen from some po in t  i n  space.  
r a t i o n  between p a i r s  of  p o i n t s  is approximately preserved i n  t h i s  map- 
ping. A pro jec t ion  i s  first made onto t h e  i n t e r i o r  s u r f a c e  of a sphere 
centered  a t  the  viewer's p o s i t i o n  i n  space (see Fig.  10). The preser -  
va t ion  of angular  d i r e c t i o n s  is n o t  exact because o f  t h e  imposs ib i l i t y  
of t ransforming t h e  s p h e r i c a l  p r o j e c t i o n  s u r f a c e  i n t o  a p lane  p i c t u r e .  
However, i f  t h e  observer  is  more than a f e w  e a r t h  r a d i i  from t h e  cen- 
ter of t h e  e a r t h ,  t h e  p i l o t  r ep resen ta t ion  y i e l d s  only s m a l l  d i s t o r -  
The apparent  angular  sepa- 
t ion .  
The a r c  
must h e r e  be  
t ance  ( e a r t h  
t o  t h e  arc R 
Azimuths are 
R is t h e  s a m e  as used i n  t h e  azimuthal p ro jec t ion ,  bu t  
l imi t ed  t o  R s sin-'(l/s) where s is t h e  observer 's  d i s -  
r a d i i )  from t h e  e a r t h ' s  cen te r .  The angle  T i s  r e l a t e d  
by 
s i n  R t an  T = s - COS R 
ca l cu la t ed  as i n  t h e  azimuthal p r o j e c t i o n  and r a d i a l  d i s -  
tances  are mapped p ropor t iona l  t o  t h e  angle  T. 
per spec t ive  p ro jec t ion  based upon an observer  l oca t ed  over t h e  middle 
of t he  North American cont inent  at d i s t a n c e  s = 6.5 e a r t h  r a d i i  from 
t h e  c e n t e r  of t h e  ea r th .  
Figure 11 shows a p o l a r  
I n  t h i s  mapping t h e  r a d i a l  scale approaches zero  near  t h e  p i c t u r e  
per imeter  and po in t s  become spaced very  c lose ly  toge ther .  F igure  11 
w a s  produced by r e j e c t i n g  a l l  po in t s  spaced wi th in  t h r e e  r e s o l u t i o n  
u n i t s  of t h e  preceding neighbor.  
a r y  c i rc le  o r  upon t h e  c i rc le  one r e s o l u t i o n  u n i t  i n t e r i o r  t o  t h e  
boundary a 
No po in t s  were p l o t t e d  on t h e  bound- 
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K111087 O S ~ l l / ? O  1 
Fig. 9 -Azimuthal, equidistant projection centered at Seattle, Washington 
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Projection surface 
(spherical ) 
Fig. IO-The polar perspective (geometry) 
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Fig. 11-Polar perspective mapping over North America 
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MAPS OF LIMITED REGIONS: COORDINATE STORAGE CONSIDERATIONS 
When mapping a l imi t ed  reg ion  wi th  a d a t a  bank of world p o i n t s ,  
t he  da t a  set may be  considered as cons i s t ing  of two subse t s :  (1) t h e  
subse t  of po in t s  i n t e r i o r  t o  t h e  reg ion  of i n t e r e s t ,  and ( 2 )  t h e  com- 
plementary subse t  of e x t e r i o r  po in ts .  For l a r g e  d a t a  banks i t  is de- 
s i r a b l e  t o  provide e i t h e r  r ap id  access  t o  i n t e r i o r  po in t s  o r  r ap id  re- 
j e c t i o n  of e x t e r i o r  po in ts .  The l i m i t e d  reg ion  maps (Figs. 3 ,  4 ,  and 
11)  w e r e  produced wi th  a point-by-point test  app l i ed  t o  every p o i n t  of 
the  d a t a  set. 
Earlier r e fe rence  w a s  made t o  t h e  use  of n a t u r a l  coordinates--1at- 
i t u d e  and long i tude  f o r  r e c t i l i n e a r  maps, and d i r e c t i o n  cosines  f o r  
azimuthal maps. 
e f f i c i e n t  i n  genera t ing  world maps, the choice of appropr i a t e  coordi-  
n a t e s  is more important when mapping l i m i t e d  regions.  For r e c t i l i n e a r  
maps, t h e  des i r ed  boundaries w i l l  be  descr ibed by l a t i t u d e  and long i tude  
limits and e x t e r i o r  p o i n t s  can be  r ap id ly  r e j e c t e d  i n  a series of (at 
most) fou r  comparisons i f  t h e  po in t s  are descr ibed  by l a t i t u d e  and lon- 
gi tude.  I f  t h e  coord ina tes  were descr ibed by d i r e c t i o n  cos ines ,  t h e  
t ransformat ion  of  Eqs. ( 2 )  would have t o  be  appl ied  p r i o r  t o  the  com- 
par ison tests. Computation of t h e  t ransformat ion  consumes more t i m e  
than  does t h e  c y l i n d r i c a l  mapping t ransformation.  
Although t h e  choice of t h e  n a t u r a l  coord ina tes  w i l l  be  
For azimuthal maps, t he  domain of i n t e r e s t  i s  a c i r c u l a r  reg ion  of 
po la r  ang le  R cen tered  a t  an a r b i t r a r y  o r i g i n  ( the  pole) .  Po in t s  are 
r e j e c t e d  i f  cos R is  less than a s p e c i f i e d  va lue ,  cos  R When co- 
o rd ina te s  are given by d i r e c t i o n  cos ines ,  cos  R i s  formed by t h r e e  mul- 
t i p l i c a t i o n s  and two add i t ions .  The subsequent comparison is  ve ry  
rap id .  I f  t h e  p o i n t s  are s p e c i f i e d  by l a t i t u d e  and longi tude ,  then  
cos R is given by the  form: 
max' 
cos  R = a s i n  4 + b cos 4 cos ( A  - Ao) 
where a and b are t h e  f ixed  va lues  s i n  40,  cos  $o of t h e  o r i g i n .  
computation of cos R r equ i r e s  t h e  computation of a s i n e  and two cos ines ,  
a process about 12 t i m e s  longer  on t h e  IBM 360 /65  than t h e  t h r e e  multi-  
p l i c a t i o n s  and two add i t ions  requi red  by t h e  u n i t  vec tor  desc r ip t ion .  
The 
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Evident ly  point-by-point r e j e c t i o n  could b e  replaced by b lock  re- 
j e c t i o n .  The cons t ruc t ion  of r eg iona l  blocks of po in t s  involves  a com- 
promise between t h e  d e s i r a b i l i t y  of minimizing t h e  over lap  between ad- 
j a c e n t  r eg iona l  blocks and t h e  u n d e s i r a b i l i t y  of many s tops  and starts 
as soc ia t ed  w i t h  boundary crossings.  
perhaps as e f f i c i e n t  t o  l i m i t  s t r i n g s  t o  some m a x i m u m  span ( l a t i t u d e -  
l ong i tude  i n t e r v a l s  f o r  r e c t i l i n e a r  maps, po la r  angle  i n t e r v a l  f o r  d i -  
r e c t i o n  cos ine  da t a ) .  I f  t h e  f i r s t  po in t  of a s t r i n g  f a l l s  w i th in  t h e  
span d i s t a n c e  of a boundary, then every po in t  of t h e  s t r i n g  must be 
t e s t e d ,  bu t  s t r i n g s  remote from t h e  boundary by more than  t h e  maximum 
span can be  i d e n t i f i e d  as either t o t a l l y  ou t s ide  o r  t o t a l l y  i n s i d e  t h e  
boundary. 
It w i l l  probably be  easier and 
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I V .  GEOMETRIC CONTOURS ON THE EARTH'S SURFACE 
The geometric contours  descr ibed  he re  are construed as t h e  i n t e r -  
s e c t i o n  of a cone wi th  t h e  s u r f a c e  of t h e  e a r t h .  The elements (gener- 
a t o r s )  of t h e  geometric s u r f a c e  are s t r a i g h t  l i n e s  o r  r ays ,  and t h e  
contours  can be  developed by connect ing t h e  p o i n t s  a t  which t h e  r ays  
i n t e r s e c t  t h e  s u r f a c e  of t h e  e a r t h .  The coord ina tes  of t h e  i n t e r -  
s e c t i o n a l  po in t s  can be drawn on a map i n  t h e  same fash ion  as are t h e  
mapping po in t s  a l r e a d y  discussed.  It is  convenient t o  f i r s t  desc r ibe  
t h e  i n t e r s e c t i o n s  us ing  a s p h e r i c a l  model of t h e  e a r t h ' s  su r f ace .  
These approximate geocen t r i c  coord ina tes  are r a t h e r  e a s i l y  found and 
provide t h e  necessary d a t a  f o r  t h e  computations r equ i r ed  t o  o b t a i n  
geographic coord ina tes  upon t h e  o b l a t e  ea r th .  
INTERSECTIONS WITH THE SPHERICAL EARTH 
The bas i c  geometry which desc r ibes  e i t h e r  t h e  po la r  pe r spec t ive  
mapping o r  t h e  problem of i n t e r s e c t i o n s  i s  i l l u s t r a t e d  i n  F ig .  12.  
Poin t  P i s  a t  X re la t ive t o  t h e  long i tude  of S and is  a t  l a t i t u d e  9 .  
I n  t h i s  re la t ive longi tude  system, t h e  longi tude  of S i s  zero,  t h e  
l a t i t u d e  is  6 ,  and t h e  geocent r ic  d i s t a n c e  of S is s.  The p lane  SPO 
def ined  by S ,  P,  and t h e  c e n t e r  of t h e  e a r t h  i n t e r s e c t s  t h e  e a r t h  i n  
a g r e a t  c i r c l e  arc,  R = QP. 
t h e  meridian p lane  of S and Z wi th  t h e  meridian plane of P. 
s p h e r i c a l  t r i a n g l e  QPN def ined  by t h e  meridian p lanes  and by arc R is  
shown i n  Fig.  13. The d i h e d r a l  angles  A and Z are azimuths,  conven- 
t i o n a l l y  measured p o s i t i v e  eastward from t h e  no r the rn  d i r e c t i o n  of 
t h e  meridian.  I n  t h e  s p h e r i c a l  e a r t h  model, i t  i s  convenient t o  t ake  
t h e  e a r t h  r a d i u s  q as u n i t y  and measure t h e  d i s t a n c e  s i n  u n i t s  of 
e a r t h  r a d i u s  
h 
Plane SPO forms d i h e d r a l  ang le  A wi th  
The 
The e l e v a t i o n  H i s  t h e  ang le  between r a y  SP and t h e  tangent  t o  
arc R a t  poin t  P. Angles H, T ,  and R are a l l  measured i n  t h e  plane 
SPO. Figure  1 4  i l l u s t r a t e s  t h e s e  ang le s  i n  t h i s  plane.  The angles  
are not  independent, s i n c e ,  i n  f a c t ,  H +- T + R = 1~12. Figure  14  is  
t h e  same as t h a t  used i n  t h e  d e s c r i p t i o n  of t h e  po la r  pe r spec t ive  
mapping, Fig.  10,  except t h a t  i t  i s  s l i g h t l y  genera l ized  t o  a l low 
f o r  a nonzero l a t i t u d e  f o r  po in t  S .  
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Y 
Fig. 12-Intersecting ray SP in three dimensions 
Fig. 13-The spherical triangle of the intersection problem 
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It is convenient t o  c a t e g o r i z e  mapping (polar  perspec t ive)  and 
two k inds  of i n t e r s e c t i o n  problems according t o  t h e  c h a r a c t e r i s t i c  
input  coord ina tes  and t h e  des i r ed  output  coord ina tes .  I n  mapping, 
t h e  coord ina te s  of t h e  po in t  t o  be mapped are known whereas i n t e r -  
s e c t i o n a l  problems seek t h e  coord ina tes  t o  be mapped when t h e s e  co- 
o rd ina te s  are def ined  i n d i r e c t l y  by c o n s t r a i n t s .  
I n  polar  pe r spec t ive  mapping, t h e  po in t  P(X, 6 )  t o  be mapped is  
From t h e  s p h e r i c a l  descr ibed  by l a t i t u d e  Q and re la t ive longi tude  A .  
t r i a n g l e  NQP (Fig. 13) : 
cos  R = s i n  6 s i n  (I + cos  6 cos  Q cos X (11) 
t a n  A = cos 9 s i n  X s i n  6 cos 6 - cos Q cos X s i n  6 
From t h e  p lane  t r i a n g l e  (using cons t ruc t ion  l i n e  PM; see Fig.  14 ) ,  
s i n  R t a n  T = 
S - COS R 
I n  t h e  case of i n t e r s e c t i o n a l  problems, t h e  coord ina tes  of t h e  
i n t e r s e c t i o n  ( A ,  9) are d e s i r e d .  Two k inds  of i n t e r s e c t i o n  problems 
may be  d i s t ingu i shed ,  and i n  both k inds  t h e  coord ina tes  of S are known. 
For i n t e r s e c t i o n s  of t h e  f i r s t  k ind ,  t h e  d i r e c t i o n  cos ines  (o r  T ,  A) 
of t h e  r ay  from S t o  P are prescr ibed .  Then, from t h e  plane t r i a n g l e  
s s i n  T = s i n  (T 4- R) (14) 
o r  
-1 R = -T + s i n  (s s i n  T)  
Using t h e  s p h e r i c a l  t r i a n g l e  NPQ (see Fig.  1 3 ) ,  
s i n  d, = s i n  6 cos R + cos  6 s i n  R cos  A 
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s i n  R s i n  A 
cos d s i n  A = 
cos  R - s i n  6 s i n  @I 
cos 6 cos  4 cos  A = 
I n t e r s e c t i o n s  of t h e  second kind arise when f ind ing  t h e  coord ina tes  
A ,  cp of p o i n t s  from which S can  be observed a t  an  e l e v a t i o n  a n g l e  H and 
azimuth Z. From t h e  p lane  t r i a n g l e  
cos  H = s cos  (R + H) (18) 
o r  
-1 COS H R = -H + cos  ( . .  \ 
I n  t h e  s p h e r i c a l  t r i a n g l e  
s i n  R s i n  Z 
cos  6 s i n  A = 
Using t h e  l a w  of cos ines  i n  t h e  s p h e r i c a l  
S I  
t r i a n g l e  
s i n  6 = s i n  cp cos  R + cos  cp s i n  R cos  Z (21) 
By rear ranging  and squaring,  it i s  p o s s i b l e  t o  form a quadra t i c  equa- 
t i o n  f o r  either s i n  $ o r  cos 0. A somewhat easier s o l u t i o n  can  be 
found by forming an  a u x i l i a r y  t r i a n g l e  as shown i n  Fig. 15. 
The arc R’ i s  given by 
cos  R’ = cos 6 cos  X = cos  $I cos  R - s i n  $I s i n  R cos  Z (22) 
This  equat ion can be  solved j o i n t l y  wi th  t h e  previous equat ion contain-  
ing  s i n  $I9 cos $. Eliminat ing cos $I between t h e  two equat ions 
(23) s i n  6 cos  R - c o s  6 cos  A s i n  R cos  Z 
1 - s i n  R s i n  2 2 2 
s i n  4 = 
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Fig. 15-The auxilliary spherical triangle 
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The preceding equat ions are based upon t r e a t i n g  t h e  e a r t h  as a 
sphere.  
THE OBLATE EARTH 
Figure  5 shows a ske tch  of t he  c r o s s  s e c t i o n  of an  e l l i p s o i d  of 
r evo lu t ion  r ep resen t ing  t h e  o b l a t e  e a r t h  ( g r e a t l y  exaggerated) .  The 
c r o s s  s e c t i o n  is taken through t h e  meridian p lane  of po in t  P. The 
semimajor a x i s  of t h e  e l l i p s e  is a = 1 where a i s  t h e  e q u a t o r i a l  r ad ius  
of t h e  e a r t h .  The semiminor axis (polar  r a d i u s )  is  b .  The e a r t h  
f l a t t e n i n g  f a c t o r  is def ined  by 
f = - z -  a - b  1 
a 297 
I n  Fig.  5, t h e  geocen t r i c  l a t i t u d e  and r ad ius  of po in t  P are 9' * 
and r ,  r e spec t ive ly .  The geographic l a t i t u d e  of P i s  4 and is t h e  
i n c l i n a t i o n  of t h e  l o c a l  v e r t i c a l  ( a t  P)  t o  t h e  e q u a t o r i a l  plane.  
e l l i p s e  is descr ibed by: 
The 
2 2  
- + - =  
a2 b2 
= 1  X 
The l o c a l  ver t ical  i s  normal t o  t h e  e l l i p s o i d  of r evo lu t ion  so  
t h a t  ang le  + is  given by 
* 
The prime is  appended t o  4 t o  des igna te  geocent r ic  l a t i t u d e s  
only when t h e  d i s t i n c t i o n  is requi red .  
t h e  d i s t i n c t i o n  cannot b e  made (+' = + ) *  I n  t h e  d e s c r i p t i o n  of mapping 
t ransformations of Sec t ion  111, t h e  symbol 9 (unprimed) always repre-  
s e n t s  geographic l a t i t u d e .  
I n  a s p h e r i c a l  e a r t h  model, 
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Noting that z/x = t a n  Q J  
(27) 
-2 t a n  Q = (1 - f )  t an  Q@ s (1 + 2f) t a n  $1 
2 
I n  t h i s  and t h e  fol lowing,  t h e  quan t i ty  f w i l l  b e  ignored. Because 
f is  small, l e t  Q’ = Q - 64, and 
This  can be rearranged and s impl i f i ed  t o  
The quan t i ty  f i s  about 11.6 a r c l n i n  and the maximum d i f f e r e n c e  between 
geocent r ic  and geographic l a t i t u d e  occurs  at 45’ l a t i t u d e .  
The q u a n t i t i e s  p and q i n  Fig. 5 are u s e f u l  i n  desc r ib ing  i n t e r -  
s e c t i o n s  of r a y s  wi th  the. o b l a t e  ea r th .  For t h e  poin t  P(x, y) 
x = p + q cos  Q 
z = q s i n  Q 
S u b s t i t u t i n g  t h e s e  i n  Eqs. (25) and (26) and dropping terms of degree 
2 and higher  i n  f ,  t h e  d e f i n i t i o n s  of p and q are obtained: 
p = 2f cos  Q 
2 q - 1 - 2 f  + f  s i n  Q 
Using t h e  va lues  of p ,  q ,  t h e  Car t e s i an  coord ina tes  on t h e  e l l i p s e  
are given i n  terms of geographic l a t i t u d e  by 
2 x = (1 + f s i n  4 )  cos  Q 
z = (1 - 2f + f s i n  2 4)  s i n  4 
-34- 
The geocent r ic  r a d i u s  r of P(x,  z) is 
(33) 
2 r = 1 - f s i n  @ 
INTERSECTIONS WITH THE OBLATE EARTH 
I n t e r s e c t i o n s  of a r b i t r a r y  s u r f a c e s  wi th  t h e  s u r f a c e  of t h e  e a r t h  
are o f t e n  adequately approximated wi th  a s p h e r i c a l  r e p r e s e n t a t i o n  of 
t h e  e a r t h ' s  sur face .  
s p h e r i c a l l y  ca l cu la t ed  i n t e r s e c t i o n a l  coord ina tes  t o  geographical  
coord ina tes .  
cedure f o r  space poin t  S,  which l i es  i n  t h e  e q u a t o r i a l  plane,  and t h e  
numerical  va lues  which fol low are f u r t h e r  spec ia l i zed  t o  po in t s  which 
are a t  t h e  geosynchronous r a d i u s  of 6.6166 e a r t h  r a d i i .  
of such c o r r e c t i o n s  provide a u s e f u l  i n d i c a t i o n  of t h e  adequacy of t h e  
s p h e r i c a l  e a r t h  model f o r  a synchronous, e q u a t o r i a l  sa te l l i te .  
Correc t ions  can be  der ived  f o r  conver t ing  
The fol lowing paragraphs d e s c r i b e  t h e  c o r r e c t i o n  pro- 
The magnitudes 
A s  i n  t h e  previous d e s c r i p t i o n  of i n t e r s e c t i o n s  on t h e  sphere ,  
two cases are d i s t ingu i shed :  (1) t h e  r a y  is descr ibed  by an  o r i g i n  and 
d i r e c t i o n  a t  a po in t  S e x t e r i o r  t o  t h e  e a r t h ' s  su r f ace ,  and (2) t he  
r ay  d i r e c t i o n  i s  s p e c i f i e d  on t h e  e a r t h ' s  s u r f a c e  with a te rmina t ion  
s p e c i f i e d  a t  po in t  S. 
arise wi th in  a p a r t i c u l a r  problem. An example which i l l u s t r a t e s  t h e  
two cases i n  t h e i r  complementary form i s  found i n  t r e a t i n g  t h e  ground 
coverage of a narrow beam d i r e c t e d  from a communication satel l i te .  
The beam is  con ica l ,  and t h e  gene ra to r s  of t h e  cone are r ays  w i t h  d i r ec -  
t i o n s  s p e c i f i e d  re la t ive t o  t h e  sa te l l i t e  body axes. 
p o s i t i o n  and o r i e n t a t i o n  are s p e c i f i e d  re la t ive t o  the  e a r t h ,  and con- 
sequent ly  t h e  d i r e c t i o n  of every r a y  is s p e c i f i e d  i n  t h e  o v e r a l l  geom- 
e t r y .  Ray i n t e r s e c t i o n s ,  when they e x i s t ,  can  be  ca l cu la t ed  f o r  
s p h e r i c a l  and o b l a t e  e a r t h  models. 
s p h e r i c a l  e a r t h ,  and some which i n t e r s e c t  t h e  s p h e r i c a l  e a r t h  w i l l  
pass  t h e  o b l a t e  e a r t h ,  
have passed over t h e  horizon of t h e  e a r t h  as seen  from t h e  satel l i te .  
The two cases are complementary, and both  o f t e n  
The s a t e l l i t e  
Some r a y s  may no t  i n t e r s e c t  t h e  
For such non in te r sec t ing  r ays ,  t h e  r a y s  w i l l  
I f  a por t ion  of a beam passes  over  t h e  horizon,  t hen  t h e  coverage 
contour d isp layed  upon a r e c t i l i n e a r  map is  c losed  by t h e  horizon l i n e .  
More gene ra l ly ,  adequate  coverage may r e q u i r e  t h a t  t he  s a t e l l i t e  be 
-35- 
seen a t  some minimum e leva t ion  H above t h e  horizon.  W e  are then  in-  
t e r e s t e d  i n  t h e  geometry of case 2 ,  which seeks  t h e  coord ina tes  of a n  
observer  such t h a t  t h e  sa te l l i t e  can  be  viewed a t  a c e r t a i n  e l eva t ion .  
By t r e a t i n g  azimuth, 2, as a parameter,  t h e  contour  of cons tan t  eleva- 
t i o n  can be  computed. 
I n  e i t h e r  of t h e  two geometr ies ,  t h e  e a r t h  may be t r e a t e d  as 
s p h e r i c a l  and corresponding coord ina te s  ca l cu la t ed  f o r  t h e  in t e r sec -  
t i o n a l  contours .  Correc t ions  developed t o  convert  t h e  s p h e r i c a l l y  
ca l cu la t ed  i n t e r s e c t i o n s  t o  geographical  coord ina tes  can u s u a l l y  be  
a s soc ia t ed  wi th  a s p h e r i c a l l y  ca l cu la t ed  p a i r  of coord ina tes .  The 
c o r r e c t i o n s  w i l l  no t  n e c e s s a r i l y  be  t h e  same i n  t h e  two geometric 
cases, as evidenced by the  f a c t  t h a t  i n  t h e  f i r s t  case some s p h e r i c a l l y  
ca l cu la t ed  i n t e r s e c t i o n s  have no corresponding i n t e r s e c t i o n s  on t h e  
o b l a t e  e a r t h  and hence no real co r rec t ions .  
Case 1: Ray Or ig in  and Di rec t ion  Spec i f ied  a t  a n  Ex te r io r  Po in t  
The r a y  d i r e c t i o n  a t  poin t  S i s  s p e c i f i e d  by tilt T and azimuth A 
From t h e s e  angles  and knowledge of t h e  p o s i t i o n  S,  (Figs.  13 and 16 ) .  
t e n t a t i v e  coord ina tes  A, 4 are ca lcu la t ed  according t o  E q s .  (15)-(17) 
of the s p h e r i c a l  earth model. These coord ina tes  index the  poin t  t o  be  
t r e a t e d  and c o r r e c t i o n s  are t o  be app l i ed  t o  t h e s e  coord ina tes .  For 
t h e  o b l a t e  e a r t h ,  t h e  r a d i u s  of t h e  i n t e r s e c t i o n  is  n o t  u n i t y  but  is  
given approximately by 
( 3 4 )  
2 r = 1 - f s i n  I$ 
The i n t e r s e c t i o n  of t h e  r a y  wi th  a sphere  of r a d i u s  r s a t i s f i e s  
s s i n  T = r s i n  (R 4- T) (35) 
I n  c o r r e c t i n g  from- t h e  u n i t  sphere t o  a sphere  of r a d i u s  r ,  the ang le  
T remains cons tan t  bu t  
2 
6R = - t an  (R 4- T) 6r = t an  (R + T) f s i n  Cp 
-36- 
Z 
0 
Fig. 16-Intersecting ray SP on the oblate earth 
-37- 
I n  t h e  fol lowing,  cons idera t ion  is l imi t ed  t o  po in t s  S which l i e  
on t h e  equator ,  and t h e  longi tude  of t h e  i n t e r s e c t i o n  i s  measured rela- 
t ive  t o  t h e  longi tude  of po in t  S, 
r e s t r i c t e d ,  us ing  the  previous n o t a t i o n  (Fig.  1 3 ) ,  
For t h e  s p h e r i c a l  t r i a n g l e  thus  
t an  X = s i n  A t a n  R 
s i n  4 = cos  A s i n  R 
D i f f e r e n t i a t i n g  with azimuth A cons tan t  
6R s i n  A 
cos  4 
6X = 
64 = cos  A cos  X 6R 
El iminat ing A i n  favor  of t h e  s p h e r i c a l  va lues  of X ,  4 ,  s u b t i t u t i n g  
t h e  previous express ion  f o r  6R, and adding t h e  c o r r e c t i o n  t o  convert  
t o  geographic l a t i t u d e  
f s i n 2  4 s i n  A t a n  (R + T) 
s i n  R cos  4 6 h  = 
(39)  I 3 s i n  24 + cos  X s i n  $I t a n  (R + T) s i n  R 64 = f 
It i s  d e s i r e d  t o  r ep resen t  t h e s e  c o r r e c t i o n s  e n t i r e l y  as func t ions  
of t h e  s p h e r i c a l l y  ca l cu la t ed  va lues  of A ,  4 ,  and f o r  t h i s  purpose 
-1 R = cps (cos X cos  4 )  
r 1 
T = tan-'[ - s i n  R 1 
cos R 
(40) 
Table 1 shows t h e  c o r r e c t i o n s  6X and 64 as func t ions  of A ,  4 .  The 
t a b l e  a p p l i e s  t o  a synchronousp e q u a t o r i a l  s a t e l l i t e  wi th  s = 6.6166. 
-38- 
Table 1 
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LATITUDE AND LONGITUDE CORRECTIONS (ARC-MIN) FOR 
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Longitude co r rec t ion ,  SA e 
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Case 2 :  
and Termination 
Ray Or ig in  a t  t h e  Ea r th ' s  Surface wi th  Spec i f ied  Di rec t ion  
With prescr ibed  va lues  of e l e v a t i o n  H and azimuth Z ,  t h e  coordi-  
n a t e s  of t h e  po in t  of o r i g i n  are t e n t a t i v e l y  ca l cu la t ed  us ing  t h e  
s p h e r i c a l  model (Eqs. (19),  (20), ( 2 3 ) ) .  H and Z are r igo rous ly  de- 
f i n e d  a t  t h e  (unknown) poin t  of o r i g i n  i n  a coord ina te  system wi th  x 
t h e  outward normal t o  t h e  e a r t h ' s  su r f ace ,  z tangent  t o  t h e  l o c a l  
meridian l i n e  i n  t h e  nor thern  d i r e c t i o n ,  and y or thogonal  ( e a s t )  t o  
form a right-handed (x, y I  z )  coord ina te  system. I f  t h i s  coord ina te  
system is r o t a t e d  clockwise about y through t h e  a n g l e  f s i n  2 4 ,  then 
t h e  o r i g i n a l  d i r e c t i o n  cos ines  of t h e  r ay  w i l l  be  converted t o  d i r ec -  
t i o n  cos ines  i n  a geocen t r i ca l ly  o r i en ted  coord ina te  system. I n  t h i s  
system, t h e  d i r e c t i o n  cos ines  are: 
I 
n' = cos  (H + 6H) cos  (Z f 6Z) = c o s  H cos  Z + f s i n  241 s i n  H 
Z 
n' = cos  (H + 6 ~ )  s i n  (Z i- SZ> = cos  H s i n  z ( 4 1 )  Y 
n' = s i n  (H + AH) = -f s i n  241 cos H cos  Z + s i n  H X 
The c o r r e c t i o n s  6H and 6 Z  are very  s m a l l ,  and t h e s e  equat ions can be 
solved t o  o b t a i n  
6H = -f s i n  24 cos  Z 
6Z = -f s i n  24 t a n  H s i n  Z 
By d e f i n i t i o n ,  t h e  arc R from which t h e  t e n t a t i v e  va lues  of A, 4 
were computed s a t i s f i e d  t h e  equat ion 
s COS (R 9 H) = cos H ( 4 3 )  
This  equat ion i s  v a l i d  on t h e  u n i t  sphere.  On the sphere of r a d i u s  r ,  
6R w i l l  s a t i s f y  
( 4 4 )  
2 s cos  (R 4- 6R + H + 6H) = (1 - f s i n  4 )  cos  (H + 6H) 
-40- 
The two preceding equat ions can be  combined t o  ob ta in  
For convenience, l e t  
cos  H a =  
s s i n  (R + H) 
s i n  H 
E s s i n  (R + H) 
The quan t i ty  s s i n  (R + H) i s  on t h e  order  of t h e  d i s t a n c e  from poin t  
S t o  t h e  i n t e r s e c t i o n ,  and i f  s is apprec iab ly  l a r g e r  t han  t h e  r ad ius  
of t he  e a r t h ,  both a and B do not  exceed about l /s .  With t h e  previous 
d e f i n i t i o n  of 6H i n  terms of f, 
Assuming t h a t  p o i n t  S is  a n  e q u a t o r i a l  po in t  (at l a t i t u d e  ze ro ) ,  
t h e  v a r i a b l e s  A ,  9, 2, and R are r e l a t e d  by 
s i n  X = s i n  Z s i n  R 
t a n  9 = -cos Z t a n  R 
Taking d e r i v a t i v e s  wi th  r e s p e c t  t o  R and Z 
6R s i n  Z cos  R cos X 6Z + 
cos  Z s i n  R 
COS 
6X = 
6R cos  z 69 = t a n  X cos  I$ 62 - 
cos2 h 
I n s e r t i n g  6Z from Eq. ( 4 2 ) ,  6R from Eq. (47) and appending f s i n  (29) 
t o  69 t o  convert  t o  geographic l a t i t u d e ,  t h e  f i n a l  equat ions f o r  t h e  
c o r r e c t i o n s  i n  t h i s  case are 
-41- 
(-B cos  R + l / s )  s i n  2$ cos  Z 
cos  x 6h = f 
r ,7 
+ a cos (p s i n  2 $1 s i n  
1 (50) 1 
2 + s i n L  z cos  R ) ' ~ ~ ~  2$ - ct cos  Z s i n  
S 
64 = 
cos2 A 
To eva lua te  t h e s e  i n  terms of A, $ 
-1 R = cos (cos X cos  $) 
-1 s i n  X Z = t a n  - s in  $I cos  X 
Values of t h e  c o r r e c t i o n s  are l i s t e d  i n  Table 2 as func t ions  of X and 
$I. 
f o r  a t r u l y  d i s t a n t  po in t  S ,  t h e  c o r r e c t i o n s  vanish ,  as they should 
s i n c e  H and 2 observa t ions  of a star y i e l d  t h e  c o r r e c t  geographic co- 
o rd ina te s  a t  po in t  P. 
The va r ious  c o r r e c t i v e  terms are a l l  pzopor t iona l  t o  l / s  so t h a t  
-42- 
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